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Abstract 

I Let _D be a digraph on p > 5 vertices with minimum degree at least p — 1 and with minimum semi- 

' degree at least p/2 — 1. For D (unless some extremal cases) we present a detailed proof of the following 
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results [12]: (i) D contains cycles of length 3, 4 and p — I; (ii) if p = 2n, then D is hamiltonian. 
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1. Introduction and Terminology 



Ghouila-Houri [18] proved that every strong digraph on p vertices and with minimum degree at least 
p is hamiltonian. There are many extentions of this theorem for digraphs and orgraphs. In particular, 
in many papers, various degree conditions have been obtained for digraphs (orgraphs) to be hamiltonian 
or pancyclic or vertex pancyclic (see e.g. [2]-[33]). C. Thomassen [31] proved that any digraph on 
p — 2n + I vertices with minimum semi-degree at least n is hamiltonian unless some extremal cases, 
^ , which are characterized. In [9], we proved that if a digraph D on 2n-|- 1 vertices satisfies the conditions of 

CO i this Tomassen's theorem, then D also is pancyclic (the extremal cases are characterized). For additional 

information on hamiltonian and pancyclic digraphs, see the book [1] by J. Bang-Jcnssen and G. Gutin. 
In this paper we present a detailed proof of the following results. 

Every digraph D (unless some extremal cases) on p > 5 vertices with minimum degree at least p — 1 
and with minimum semi-degree at least p/2 — 1: (i) D has cycles of length 3, 4 and p — 1; (ii) if p — 2n, 
then D is hamiltonian (in [12], we gave only a short outline of the proofs of this results). 

In this paper we will consider finite digraphs without loops and multiple arcs. We denote the vertex 
set of digraph D by V{D) and its arc set by A{D). We will often use D instead of A{D) and V{D). The 
arc from a vertex a; to a vertex y will be denoted by xy. If xy is an arc, then we say that x dominates y 
(or y is dominated by x). For A, B C V{D), we define A{A B) as the set {xy G A[D)/x £ A,y € B} 
and A{A,B) = A{A B) U A{B A). If x G V{D) and A = {x}, we often write x instead of 
{x}. For disjoint subsets A and B of V{D), A ^ B means that every vertex of A dominates every 
vertex of B. If C C V{D), A ^ B and B ^ C, then we write A ^ B ^ C. The outset of vertex 
X is the set 0{x) = {y & V{D)/xy G A{D)} and I{x) = {y G V{D)/yx G A{D)} is the inset of x. 
Similarly, if A C V{D) then 0{x,A) = {y G A/xy G A{D)} and I{x,A) = {y G A/yx G A{D)}. The 
out-degree of x is od{x) — \0{x)\ and id{x) ~ \I{x)\ is the in-degree of x. Similarly, od{x,A} = \0{x,A)\ 
and id{x,A) = \I{x,A)\. The degree of the vertex x m D is defined as d{x) = id{x) + od{x). The 
subdigraph of D induced by a subset A of V{D) is denoted by (A). All paths and cycles we consider 
in this paper are directed and simple. The path ( respectively, the cycle ) consisting of distinct vertices 
xi,X2, ■ ■ ■ ,Xn i n > 2) and arcs XiXi+i, i £ [l,n — 1] ( respectively, XiXi+i, z G [l,n— 1], and XnXi ), is 
denoted by xiX2 ■ ■ - Xn (respectively, xiX2 ■ ■ ■ XnXi ). The cycle on k vertices is denoted Cfe. For a cycle 
Ck = xiX2 ■ ■ -XkXi, we take the indices modulo k, i.e., Xs — Xi for every s and i such that i = smodfc. 
Two distinct vertices x and y are adjacent if xy G A{D) or yx G A{D) (or both) (i.e, x is adjacent 
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with y and y is adjacent with x). The notation A{x,y) ^ (respectively, A{x,y) = 0) means that the 
vertices x and y are adjacent (respectively, are not adjacent). 

The converse digraph ^ of a digraph D is the digraph obtained from D by reversing all arcs of D. 

For an undirected graph G, we denote by G* symmetric digraph obtained from G by replacing every 
edge xy with the pair xy, yx of arcs. Further, C* (5) is a symmetric digraph obtained from undirected cycle 
of length 5. Kn (respectively, Kn,m) denotes the complete undirected graph on n vertices (respectively, 
undirected complete bipartite graph, with partite sets of cardinalities n and m), and Kn denotes the 
complement of Kn- If Gi and G2 are undirected graphs, then Gi U G2 is the disjoint union of Gi and 
G2. The join of Gi and G2, denoted by Gi + G2, is the union of Gi U G2 and of all the edges between 
Gi and G2. 

For integers a and &, let [a, h] denote the set of all integers which are not less than a and are not greater 
than h. We refer the reader to J. Bang-Jensens and G.Gutin's book [1] for notations and terminology not 
defined here. 

2. Preliminaries and Additional notations 

Let us recall some well-known lemmas used in this paper. 

Lemma 1 ([21]). Let 2? be a digraph on p > 3 vertices containing a cycle Cm, m € [2,p — 1]. Let a; be a 
vertex not contained in this cycle. If d{x, Cm) >m+l, then D contains a cycle G^ for all fee [2, m-|- 1] . q 

The following Lemma will be used extensively in the proofs our results. 

Lemma 2 ([6]). Let D he a, digraph on p > 3 vertices containing a path P := X1X2 ■ ■ ■ Xm, m e [2,p — 1] 
and let a; be a vertex not contained in this path. If one of the following holds: 

(i) d{x, P) > TO + 2; 

(ii) d(x, P) > m + 1 and xxi ^ D or x^xi ^ D; 

(iii) d{x, P) > TO, xxi ^ D and XmX ^ D; 

then there is an i e [1, to — 1] such that XiX, xxi+i G D, i.e., D contains a path X1X2 ■ ■ ■ XiXXi+i . . . Xm of 
length TO (we say that x can be inserted into P or the path X1X2 ■ ■ ■ xtxxi+i . . . Xm is extended from P 
with x). □ 

As an immediate consequence of Lemma 2, we get the following: 

Lemma 3. Let D he a digraph on p > 4 vertices and let P := X1X2 ■ ■ -Xm, m G [2,p — 2], be a 
path of maximal length from xi to x„i in D. If the induced subdigraph {V{D) \ V{P)) is strong and 
d{x,V{P)) = TO + 1 for every vertex x e V{D) \ V{P), then there is an integer / G such that 

0(x,V(P)) = {xi,X2,...,xi} and I{x,V(P)) = {xi,xi+i, . . . ,Xm}- □ 

Now we introduce the following notations. 

Notation. For any positive integer n, let H{n, n) denote the set of digraphs D on 2n vertices such that 
V{D) = AU B, {A) = {B) = K*, A{B -j> A) = and for every vertex x G A (respectively, y € B) 
A{x B)^$ (respectively, A(A ->■?/) ^ 0). 

Notation. For any integer n > 2, let H{n,n — 1, 1) denote the set of digraphs D on 2n vertices such 
that V{D) =AuBU{a},\A\ = \B\ + l = n, A((A)) =0, {BU {a}) C K^, yz, zy € D for each pair of 
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vertices y £ A, z £ B and either 7(o) = B and a — > A or 0{a) = B and A ^ a. 

Notation. For any integer n > 2 define tlie digraph H{2n) as follows: V{H{2n)) = A IJ B Li {x,y}, 
(A) = (B) = K*_^, AiA, B) = 0, 0{x) = {y] U A, I{x) = 0{y) = A U B and I{y) = {x} U B. 
H'{2n) is a digraph obtained from H{2n) by adding the arc yx. 

Notation. Let Dq be a digraph with vertex set {xi,X2, . . .,X5,x} and arc set 

{xiXi+i /I < j < 4} U {xxi/ 1 < i < 3} U {xiX5, X2X5, X5X1, X5X4, X3X2, X3X, X4X1, X4x} . 
By D'q we denote a digraph obtained from Dq by adding the arc X2X4. 

Note that the digraphs Dq and £)g both are not hamiltonian and each of Dq and D'q contains a cycle 
of length 5. 

Lemma 4. Let Dhe & digraph on p > 3 vertices with minimum degree at least p—1 and with minimum 
semi-degree at least p/2 — 1. Then 

(i) either D is strong or D S H{n,n); 

(ii) if B c V{D), \B\ >{p + l)/2 and x e V{D) \ B, then A{x -^B)^^ and A{B a;) ^ 0. □ 

3. A sufficient condition for the existence of cycles of length |y(D)| — 1 in digraph D 

Theorem 1. Let D be a digraph on p > 5 vertices with minimum degree at least p—1 and with minimum 
semi- degree at least p/2 — 1. Then D has a cycle of length p—1 unless 

D &H{n,n)V^{[{Knl^Kn) + K■^WH{2n),H'{2n),C*{f>)] or else p = 2n and DCK*^. 

Proof. By Lemma 4(i), the result is easily verified if D is not strong. Assume that D is strong. Suppose, 
on the contrary, that the theorem is not true. In particular, D contains no cycle of length p—1. Let 
C := Cm ■= X1X2 ■ ■ ■ XmXi be an arbitrary non-hamiltonian cycle of maximum length in D. It is easy to 
see that me [3,p — 2]. 

From Lemma 1 and the maximality of m it follows that for each vertex y G B := V{D) \ V{C) and 
for each i e [1, m], 

d{y, C) < m, d{y, B) > p — m — 1 and if Xiy S D, then yxi+i ^ D. (1) 
Using d{y, B) >p — m — 1 it is not difficult to show the following claim: 

Claim 1. For any two distinct vertices x,y £ _B if in subdigraph {B) there is no path from x to y, then 
in (B) there is a path from y to x of length at most 2. q 

We first prove the following Claims 2 and 3. 

Claim 2. The induced subdigraph (B) is strongly connected. 

Proof. Suppose, on the contrary, that (B) is not strong. Let Di, D2, . . . , Dg {s > 2) he the strong 
components of {B) labeled in such a way that no vertex of Di dominates a vertex of Dj whenever i > j. 
Prom Claim 1 it follows that for each pair of vertices y £ V{Di) and z G V{Ds) in {B) there is a path 
from y to ^; of length 1 or 2. We choose the vertices y G V{Di) and z G V{Ds) such that the path 
2/12/2 ■ ■ - yk, where yi := y and yk ■= z, will have minimum length among all paths in (B) with origin 



3 



vertex in Di and terminus vertex in Dg. By Claim 1, fc = 2 or fc = 3. We consider the following tree cases. 

Case 1. k < \B\ = p — m. 

It follows from the maximality of C that if Xi'yi G D, where i G then A{yk — ?• {xi+i,Xi+2, 

...,Xi+k}) = 0- Since D is strong, we see that C % I{yi)- Therefore the vertex yi- dose not dom- 
inate at least id{yi,C) + 1 vertices of C. On the other hand, we have A{yk ^(Di)) = and 
I{yi) C C U V{Di). Honcc the vertex yk dose not dominate at least id{yi) + 3 vertices. From this 
we obtain od{yk) <p — id{yi) — 3 < p/2 — 2, which is a contradiction. 

Case 2. k= \B\ = 2. 

It is easy to see that s = 2, m = p — 2, V{Di) = {yi}, ^(£'2) = {2/2}, I{yi) C C and 

\A{xi yi)\ + \A{y2 Xi+2)\ < 1 

for all i e [l,m]. Hence the vertex 2/2 dose not dominate at least id{yi) + 2 vertices. Therefore 0^(2/2) < 
p — id{yi) — 2 < p/2 — 1. It follows that p = 2n, id{y{) = od{y2) = n — 1 and 

y2Xi & D if and only if Xi_2?/i ^ D. (2) 

By Lemma 1, it is easy to see that d{y\) = d{y2) = 2n — 1 and od{yi) = id{y2) = n, m > 4. Now we 
divide this case into two subcases. 

Subcase 2.1. yi {xi,Xi+i} for some i G [l,m]. 

Note that, by Lemma 2, without loss of generality, we may assume that Xmyi € D, yi {2:2, xa} and 
A{xi,yi) — 0. From this, (1) and (2) it follows that X2yi ^ D, 2/22^3, y2X4 G D and A{x2,y2) — 0- There- 
fore, by Lemma 2 we have Xiy2 G D since d(y2, C) =2n — 2 and the vertex 2/2 cannot be inserted into the 
path xzXi . . . XmXi- If X2X1 G D, then C2n-i = Xmy\X2X\y2Xi . . . Xm- This contradicts our supposition 
that D contains no cycle of length p — 1. Hence, X2X1 ^ D. Prom this and A{x2, 2/2) = A{x2 yi) = 
it follows that d{x2. {.T3, 2:4, . . . , Xm}) > 2n — 3. Therefore by Lemma 2, XmX2 G D since the vertex X2 
cannot be inserted into the path a;3a;4 . . . Xm- Now it is easy to sec that \A{xi J/i)| + \A{y2 Xi^i)\ < 1 
for all i G [2, TO — 1]. Therefore ccaj/i ^ D since y2X4 G D. From this and (2) it follows that y2X5 G D 
and X4yi ^ D. Continuing in this manner, we obtain that A{{x5,xq, . . . ,Xm-i} — >■ yi) = 0- Therefore 
A{{xi, X2, - ■ ■ , Xm-i} yi) = 0, which is a contradiction. 

Subcase 2.2. \A{yi {xi,Xi+i)\ < 1 for all i G [IiVti]. 

Since od{yi) = n, we can assume that 0(yi) = {xi,X3, . . . ,X2n-3,y2}- Using this and od{y2) = 
id{yi) = n — 1, we obtain I{y\) = {x\,xz, ■ ■ ■ ,X2n-z}- Therefore by (2), 

0(y2) = {x2,X4,. . ■ ,X2n-2} and 1(2/2) = {?yi, .'z;2, 2:4, a;2„-2}- 

If XiXj G D for distinct vertices Xi^Xj G {xi,X3, . . . ,X2ra-3}, then C2n-i = yiXiXjXj+i . . ■Xi^iy2Xi+i . . . 
Xj-2yi, when |{2;i+i, a;i+2, . . .,Xj-i}\ > 2 and C2„-i = XiXjyiy2Xj+iXj+2 ■ ..Xi-iXi, when \{xi+i,Xi+2, 
. . . , Xj-i}\ = 1. This contradicts that Cp_i ^ D. Thus we have 

^(({2:1, 2;3, . . . ,X2n-3,y2})) = 0- 

Considering the digraph fe, by the same arguments we obtain 

-4(({a;2, X4, . . . , a;2„-2, = 0- 
Therefore D C K'^ „, which contradicts our supposition that the theorem is not true. 
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Case 3. k =\ B \= 3. 

From the minimality of k it follows that yiys ^ D, s ~ 3, A{{y2,y3} — > yi) = and V{Di) = {yi}- 
Hence I{yi) C C. On the other hand, from the maximality of the cycle C it follows that for each i € [1, m] 

if Xiyi&D, then A(t/2 -> {a;j+i,a;j+2}) = 0. 

Therefore y2 dose not dominate at least id{y\) + 3 vertices, a contradiction. Claim 2 is proved, q 

Claim 3. At least two distinct vertices of C are adjacent with some vertices of B. 

Proof. Assume that Claim 3 is not true. Then exactly one vertex, say x, of C is adjacent with some 
vertices of B. Hence for each vertex Xi € C \ {x} and for each vertex y G B we have 

d{xi)=d{xi,C) <2m-2 and d{y) = d{y,B) + d{y,x) < 2p - 2m. 

Since d{xi) + d{y) > 2p — 2, we conclude that the inequalities above are equalities. This implies that the 
subdigraphs (C) and {B U {x}) are complete. From d{xi) = 2m — 2 > p — 1 and d{y) — 2p — 2m, > p — 1, 
we obtain that p = 2m — 1. Therefore G = [{Km-i U Km-i) + Ki]* , which contradicts our supposition. 
This proves Claim 3. q 

Since D is strong, then A{C -> B) 7^ and A{B ^ C) 7^ 0. Together with Claim 3 this impUes that 
there are vertices Xa ^ Xb, Xa, Xb & C and x,y £ B such that XaX, yxh G D and 

A{{Xa+l,Xa+2,---,Xb-l},B) if Xb Xa+l- (3) 

To be definite, assume that X}) '. — Xi and Xa • — ^m—h 

{0 < h < m—2). We consider the following two cases. 

Case 1. Xm-h+i xi (i.e., h > 1). 

Consider the paths Pq, Pi, Pk (0 < k < h and k is as maximum as possible), where P := 
Pq := X1X2 ■ ■ ■ Xm-h and the path Pi, i S is extended from the path Pi_i with a vertex Zi S 

{xm-h+i,Xm-h+2, ■ ■ ■ ,Xm} \ {zi, Z2, ■ ■ ■ , Zi-i}. Note that the path Pi, i e [0,k], contains m — h + i 
vertices. It follows that some vertices 2/1,2/2, ■ ■ ■ ,yd € {xm-h+i,Xm-h+2, ■ ■ ■ , Xm}, where 1 < d < h, dose 
not containing the extended path P).. Therefore, using (3) and Lemma 2, for each z G B and for each y^ 
we obtain 

d{z) = d{z, B) + d{z, C)<2p-2m-2 + m-h + l = 2p-m-h-l 

and 

d{yi) = d{yi, C) < m + d - 1. 

Hence it is clear that 

2p - 2 < d{z) + d{yi) <2p + d-h-2. 

It is not difficult to see that h = d, d{z,C) = m — h + 1, d{yi,C) = m + h — 1 and the subdi- 
graphs {B) and {{xm-h+i,Xm-h+2, ■ ■ ■ iXm}) are complete. By Lemma 2(ii), we also have Xm-h — ^ 
B U {xm-h+i,Xm-h+2, ■ ■ ■ ,Xm} xi- It is casy to see that h = \B\ = p — m > 2 and the path 

P = X1X2 ■ ■ -Xni^h has maximum length among all paths from xi to x,„-h in subdigraph (C) and in 
subdigraph {B U {xi,X2, ■ ■ ■ ,Xm-h})- Therefore by Lemma 3, there are integers I € [l,m — h] and 
re [l,m — h] such that 

0{U,P) = {xi,X2,...,Xi}, I{U,P) = {xi,Xl+i,...,Xm-h}, 

0{Z,P) = {xi,X2,...,Xr}, I{z,P) = {Xr,Xr+l,...,Xm-h}- (4) 

for all u G B and for all z G {xm-h+i, Xm-h+2, Xm}- 
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Without loss of generality, we may assume that I < r (otherwise we will consider the digraph U). 

Let I = 1. Then from od{u) >p/2-l and (4) it follows that h > p/2 - 1 and p > 2{p/2-l) + m,-h = 
p — 2 + m — h. Since m — h > 2, we see that p = 2n, m — h = 2, h = n — 1 and r = 2. Therefore 
G S {H{2n),H'{2n)}, which contradicts the our supposition. 

Let now I > 2. We can assume that r < m — h — 1 (otherwise in digraph we will have the 
considered case I = 1). Since {{Xm-h+i,Xm-h+2, ■ ■ ■ ,Xm}) are complete and (4), for each vertex z € 
{Xm-h+i,Xm-h+2, ■ ■ ■ ,Xm} wc havc I {z) = {xr,Xr+i,. ■ . , Xm} \ {z}. This implies that m~ r > p/2 - 
1. If i € [r + 1, m — /i] and xiXi G D then by (4) and 2<l<r<m — h— Iwe have Cm+i = 
xiXiXi+i . . .XmX2 ■ ■ -Xi-ixxi, where x £ B, a. contradiction. Because of this and 2 < Z < r, we may 
assume that 

A{xi -)■ S U {a;r+i, a;r+2, • • • , Xm}) = 0- 

Therefore, since m — r > p/2 — 1 and \B\ = h> 2, we obtain od{xi) <p — 1 — h — {m — r) < p/2 — h, 
which contradicts the condition that od{xi) > p/2 — 1. 

Case 2. Xm-h+i = x\ (i.e., h = 0). 

Then any path from a; to y in {B) is a hamiltonian path 
(B), where u\ := x, Up-m ■= y- From this, it 1 < i < j < p 

For this case {h = 0) we first prove Claims 4-9. 

Claim 4. p — m = 2 (i.e., m = p — 2). 
Proof. Suppose, to the contrary, that p — m > 3. It follows from observations above that uiUp-m ^ D 
and od{ui,B) = id{up-m, B) = 1. From this and (1), we obtain 

p — 1 < d{ui) < TO + 1 + id{ui,B) and p — 1 < d{up^m) < to + 1 + od{up-m, B). 

This implies that id{ui, B) and od{up^m, B) > p — m, — 2. Therefore in (B) there is a path from Up-m 
to ui of length fc = 1 or fc = 2 since p — m > 3. For any integer I > I , put 

^i' ■= {^j/ Xj-iUp-m e D}. 
Since id{up-m, C) = id{up-m) — 1 and C % I{up-m), we see that for each / G [1, 2], 

|/i+U/+ J > idiUp-m)- 

From the maximality of the cycle C it follows that A{ui — >■ Jjf U = 0. Together with A{ui — >■ 

{it3, U4, . . . , Up-m}) = this implies that 

p/2 - 1 < od{ui) < p - 1 - U 7^_^i |-(p-TO-2)<TO+l - id{Up-rn) < TO + 1 - p/2 + 1. 

Therefore, since to < p — 3, we obtain that p — to = 3, p = 2n and od{ui) = id{us) = n — 1. Hence, 
id{ui) and od{u3) > n. We now claim that 7131*1 and U2U1 G D. Indeed, otherwise id{ui,C) >n—l and 
if XiUi G -D, then A{u^ {2^4+2, -^i+a}) = 0- Prom this it is not difficult to see that od{us) < n — 1, 
which contradicts the fact that od{u3) > n. 

Similarly, we can see that M3U2 G D. So we have u^ui, U2U1, U3U2 G D. Then, since id{u3, C) = n — 2, 
m > n, m > id{u3, C)+2 and C is a non-hamiltonian cycle of maximal length, it follows that |uf^i7j^| > n 
and A{ui Uf^^/j^) — 0. Together with UiUs ^ D this implies that od{ui) < n — 2, a contradiction. 
This completes the proof of Claim 4. q 

Note that, by Claims 4 and 2 we have to = p — 2, B := {u, v} and uv, vu G D. 



. Let U1U2 ■ ■ ■ Up—m be a hamiltonian path in 
— TO, then UiUj G f if and only ii j = i + 1. 
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Remark. By symmetry of the vertices u and v, Claims 5-9 are also true for the vertex v. 

Claim 5. If XiU, ^ D, i E [l.m], then = 2 (i.e., Xi+iv and vxi+i G D). 

Proof. Since the cycle XiUXi+2Xi+-i, ■ ■ .Xi has length m and the vertices v and Xi+i are not on this cycle, 

the subdigraph {{v,Xi+i}) is strong by Claim 2. Therefore vxi+i and xt+iv e -D. □ 

From Claim 5, uv, vu € D and the maximality of the cycle C we have the following: 

Claim 6. If i e [1, m], then 

\A{{xi,Xi+i} u)\ + \A{u -5- a;i+3)| < 2 and \A{xi-2 u)\ + \A{u {xi,Xi+i})\ < 2. 
Claim 7. If fc e [1,to], then \A{{xk-i,Xk} — u)\ < 1. 

Proof. Suppose, to the contrary, that is A; G [l,m] and {xk-i,Xk} u. Without loss of generality, 
we may assume that A{u,Xk+i) = 0- To be definite, assume that Xk+2 '■= xi and Xm '■= Xk+i- Then 
uxi ^ D by Claim 6. 

First suppose that xiu G D. It is easy to sec that p > 6 and A{u — > {xm-i, Xm,Xi, X2}) = 0- Using this 
together with od{u) > p/2 — 1 we see that A{u — > {xa, X4, . . . , Xm-2}) 7^ and d{u, {xi,X2, • . • , Xm-i}) > 
p — 3. Note that m > 6 and show that for each j € [3, m — 3], 

\A{u^{xj,x,+i}\<l. (5) 

Assume that (5) is not true. Then u {xj,Xjj^i} for some j S [3,m — 3]. We can assume that j is 
as small as possible. Then A{u, xj-i) — and Xj-2U ^ D by Claim 6. Hence j > 4. Since the vertex u 
cannot be inserted into the cycle C, uxi ^ D and Xj-2U ^ D, by Lemma 2 we have 

d{u,{xi,X2,...,Xj-2}) <i-3 and d{u,{xj,Xj+i, . . . ,Xm-i}) <m-j + l. 

Hence d{u) <p — 2, a contradiction, which proves (5). 

From A{u — > {xm-i, Xm, xi, X2}) = and (5) it follows that od{u) < p/2 — 2, a contradiction. 

So suppose next that xiu ^ D. Then A{u, xi) = by Claim 6, to > 4 and d(u, {x2, X3, .... .Xm-i}) 
> p — 3. Hence, ux2 € D by Lemma 2(ii). Note that A{v,x„i) = and vxi ^ D. By Lemma 2(iii), it is 
easy to see that Xm-iv G D and d{v, {xi,X2, ■ ■ ■ , Xm-i}) = p — 3. If xiv ^ D, then A[v, xi) = 0, and by 
Lemma 2, vx2 G D . Now we have Xm-iu, vx2 € D and A{{u, v}, {xm, xi}) = 0, and the considered Case 
1 {h > 1) holds. So we may assume that this is not the case. Then xiv £ D. We also can assume that 
Xm-2V ^ D (otherwise {xjn^2,Xm-i,Xi} — > V and for the vertex v the considered case XiU G D holds). 
From Xm-2V ^ D and vxi ^ D, by Lemma 2(iii), it follows that d{v, {xi,X2, • • • , Xm-2}) < P — 5. Hence 
vXm-i G D. From A{xm, {u, v}) = and d{Xm) > p — 1 we have d{xm, {x2, X3, . . . , Xm-i}) > P — 3. 
Note that Xm cannot be inserted into the path X2X3 . . . x^-i (otherwise we obtain a cycle of length 
m, which does not contain the vertices v and xi and therefore, by Claim 2, the subdigraph {{v,xi}) 
is strong, which contradicts the fact that vxi ^ D). It follows that XmX2 G -D by Lemma 2, and 
C'm+l — Xjn—2UVXjn—\XmX2 • ■ • 2^m— 2; a contradiction. Claim 7 is proved. □ 

Similarly to Claim 7, we can show the following: 

Claim 8. If i G [l,m], then \A{u — >■ {ajj, a;i+i})| < 1. □ 

Claim 9. If fc G [1,to], then \A{xk u)\ + \A{u a;fe_i)| < 1. 

Proof. Suppose, to the contrary, that is A; G [l,m] and XkU, uxk-i G D. To be definite, assume that 
Xk '■= X2- From Claims 7, 8 and (1) it follows that 

A{u, {Xm, xs}) = A{xi u) = A{u X2) = 0. 
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From this it is easy to see that m > 5 and d{u, {x4,X5, . . . ,Xm-i) > P — 5. Since the vertex u cannot 
be inserted into the path X4X5 . . .Xm-i, by Lemma 2 we have ux^ and Xm-iu S D. Hence, 2:3)1 = 
|A(u,a;m)| = 2 by Claim 5. Therefore A{v, {xi,X2}) = by Claims 7 and 8. Since Cm+i {Z^ -D it is not 
difficult to see that XmX2,X2X4,xiX3 and xsX2 ^ D (if X3X2 € D, then Cm+i = XmVX3X2UX4 . . . Xm)- 
So we have d{x2, {u, v, xi,X3}) < 4 and d{x2, {x^, X5,. . . , Xm} > f> — 5. Therefore, since XmX2 ^ D and 
X2X4 ^ D, applying Lemma 2(iii), we can insert X2 into the path 0:4X5 . . ../:„, (i.e., XiX2, X2Xi+i G D 
for some i S [4,m — 1]) and obtain a cycle x^vux^ . . .XiX2Xi^i . . .Xm of length m, which does not 
contain the vertices Xi and X3. By Claim 2, the subdigraph ({2:1,2:3}) is strong. Hence xix^ € D, which 
contradicts the fact that 2:12:3 ^ D. This completes the proof of Claim 9. q 

We now divide Case 2 (/i = 0) into two subcases. 

Subcase 2.1. p = 2n + 1. 

From (1) and Claims 7- 9 it follows that the vertex u (respectively, v) is adjacent with at most one 
vertex of two consecutive vertices of the cycle C and 0{u,C) = I{u,C) and 0{v,C) = I{v,C). Hence, 
without loss of generality, we may assume that 

A(u, {2:2,2:3}) = and 0{u) = I{u) = {xi,X4,X6, . . . ,Xp-3,v}. (6) 

If m = 3, then Claim 3 implies that |A(i>,2:2)| = 2 or \A{v,X3)\ = 2 and C4 C D, a contradiction. 

Assume that m = 2n— 1 > 5. Since Xm-iu G D, by Claim 5 we have \A{xm, v)\ = 2. Therefore, by an 
argument similar to (6), we get that ether |^(t;,2:2)| = 2 or |A(t;, 2:3)! = 2. From this and (6) it is easy to 
see that if VX3 € D, then Cm+i = XiUVXsX4 . . . XmXi and if 2:2^ G D, then Cm+i = X2VUX4X5 . . . XmXiX2, 
a contradiction. 

Subcase 2.2. p = 2n. 

From d{u) > 2n — 1 it follows that ether od{u) > n or id{u) > n. Without loss of generality, we may 
assume that od{u) > n (otherwise we will consider the digraph fe). Now from Claims 7-9 it follows that 

U {2:1,2:3, ... ,2:2„-3}, ^(U, {2:2,2:4,...,2:2„-2}) = 0, (7) 

/(m) C {u, .xi,3:3,...,X2„-3}- (8) 

Since id{u) > n — 1, without loss of generality, we may assume that {xi, X3, . . . , X2n-5} — ^ u. Hence , by 
(7) and Claim 5, it follows that for each i e [1, n — 2], 

\A{u,X2i-i)\ = \A{v,X2i)\ = 2. (9) 

Then by Claims 7-9 we have A{v, {xi, X3, . . . , X2n-3}) = 0. Therefore A{v, X2n-2) 7^ since d{v) > 2n— 1, 
i.e. vx2n-2 & D 01 V2n-2V & D. If wx2„-.2 G D, then X2n-3U G D and X2n-2^^ G D by Claim 5, (8) and 
(9). So, in any case we have that X2n-2V G D. Then id{v) > n. 

We will now show that 

A(({xi })) = 0. (10) 

Proof of (10). Assume that (10) is not true. Then XjXj G D for some distinct vertices Xi,Xj G 
{xi,X3,..., X2ra-3}. Assume that |{xi+i, Xi+2, • • • ,a:j_i}| = 1. Then from (9) and X2n-2V G D we have: 
a) if j = 2n — 3, then i = 2n — 5 and Cm+i = X2„-5X2ri-3X2n-2'i'uxiX2 . . . X2„-5; b) if j ^ 2n ~ 3, then 
Cm+i = XiXjUVXj+i . . . Xj-iXj. Now assume that [{.Xi+i, Xi^2, • • • , Xj^i}\ > 2. Then n > 6. Using (9) we 
can see that: c) if i 7^ 2n — 3 and j ^ 1, then Cm+i — XiXjXj+i . . . Xi-ivxi+i . . . Xj-2UXi] d) if i = 2n — 3 
or j = 1, then Cm+i = XiXjXj+i . . . Xj_2WXi+2 • • • Xj-ivxi-iXi. Hence in each case we have a Cm+i C D, 
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which is a contradiction and (10) is proved, q 

Using an analogous argument for t?, similarly to (10), we can show that A{{{x2, X4, . . . , X2n-2})) = 0- 
Therefore 

A{{{v,xi,X3,...,X2n-3})) = A{{{u,X2,X4,...,X2n-2})) = ^ and D C K*„^. 
This contradicts the our supposition. The discussion of Case 2 is completed and Theorem 1 is proved, q 

3. A sufHcient condition for a digraph to be hamiltonian 

Theorem 2. Let £> be a digraph on 2n > 6 vertices with minimum degree at least 2n — 1 and with 
minimum semi-degree at least n—1. Then D is hamiltonian unless 

D € H{n, n) U i?(n, n - 1, 1) U {H{2n),H'{2n), Dq, D'q, 1?6, S^}- 

Proof. By Lemma 4(1), the result is easily verified if D is not strong. Now assume that D is strong. 
The proof is by contradiction. Suppose that Theorem 2 is false, in particular, D is not hamiltonian. 
Then it is not difficult to see that D % K* „. By Theorem 1, D has a cycle of length 2n — 1. Let 
C := C2n-i := X1X2 ■ ■ ■ X2n-iXi be an arbitrary cycle of length 2n — 1 in Z) and let the vertex x is not 
containing this cycle C. Since C is a longest cycle, using Lemmas 1 and 2, we obtain the following claim: 

Claim 1. (i) d(x) = 2n — 1 and there is a vertex xi, I & [l,2n — 1] such that A{x, xi) = 0. 

(ii) If XiX ^ D, then xxi+i € D and if xxi ^ D, then Xi-ix G D, where i € [1, 2n — 1]. 

(iii) If A{x, Xi) = 0, then Xi-ix, xxi+i G D and d{xi) = 2n — 1. q 

By Claim l(i), without loss of generality, we may assume that A{x, X2n-i) = 0- For convenience, let 
p := 2n — 2 and y := X2n-i- We have yxi, Xpy £ D and XpX, xxi S D by Claim l(iii), and d{y) = 2n — 1 
by Claim l(i). 

Let {u, v} := {x, y} and for each z G {x, y} let 

0-{z) := {Xi/zx^+i eD,ie [l,p-2]}, I+{z) := {xi/xi-iz £ D, i £ [2,p-l]}. 
We first prove the following Claims 2-11. 

Claim 2. If Xp^iu G D, then A{0^{v) Xp) = 0. 

Proof. Assume, to the contrary, that Xp-iu G D and XiXp G D, where Xi G 0~{v). Then by the defini- 
tion of 0~{v), vxi+i G D and X1X2 ■ ■ ■ XiXpVXi+i . . . Xp-iuxi is a hamiltonian cycle, a contradiction, q 

Claim 3. If G D, then A{xp /+(u)) = 0. 

Proof. Assume, to the contrary, that Xp — X)Xp and XpXi G D, where Xi G I'^{v)- Then by the definition 
of I^{v), Xi-iv G D and X1X2 ■ ■ ■ Xi-ivXp Xi . . . Xp-iuxi is a hamiltonian cycle, a contradiction, q 

Claim 4. If Xp^i {.x, y}, then od(x) = od{y) —n — 1, id{x) = id{y) = n and 0{x) = 0{y). 
Proof. Lot .Tp_i {x,y}- Since C is longest cycle of D, we have A{{x,y} — > Xp) — 0. By Claim 
2, A{0-{x) U 0-{y) Xp) = 0. Hence, |0"(x) U I^iy) U {a;,y}| < n by Lemma 4(ii). Therefore, 
since |0~(u)| = od{u) — 1, we deduce that od{x) = od{y) = n — 1 and 0{x) = 0{y). Together with 
d{x) = d{y) = 2n — 1 this implies that id{x) = id{y) = n. Claim 4 is proved, q 
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Similarly to Claim 4, we can show the following claim: 

Claim 5. If {x,y} X2, then id{x) = id{y) = n — 1, od{x) = od{y) = n and I{x) = I{y). □ 
Claim 6. \A{xp-i {x,y})\ < 1. 

Proof. Assume, on the contrary, that Xp-i — t- {x,y}. Then id{x) = id{y) = n, od{x) = od{y) = n — 1 
and 0{x) = 0{y) by Claim 4. Hence, xx2 € D ii and only if yx2 € D. Therefore, A{{x,y} X2) = 
by Claim 5. Hence, xi — > {x,y} by Claim l(ii). Together with od{x) > 2 this implies that there exists 
an A; e [2,p — 2] such that Xk-ix, xxk+i € D and A{x,Xk) = 0. Applying Claim l(iii) we find that 
d{xk) = 2n — 1. Prom 0{x) = 0{y) it is not difficult to see that A{xk,y) = 0, yxk+i, Xk-iy € D. Then 
by Lemma 2, since x^ cannot be inserted into the path X1X2 ■ ■ ■ x^-i and into the path a;fc+ia;fc+2 • • • Xp, 
we have 

{xi,X2, . . . < and d{xk, {xk+i,Xk+2, ■ ■ ■ ,Xp}) < p - k + I. 

Using this, d{xk) = p+1, A{xk, {x, y}) = and Lemma 2(ii), we obtain 

XkXi,XpXkGD and d{xk, {xi,X2, ... ,Xk-i}) = k, d{xk,{xk+i,Xk+2, ■■■ ,Xp}) = p - k + 1. (11) 

We now show that 

A{{x,y}^Xk+2) = t (12) 

Proof of (12). Suppose that (12) is false. Prom 0{x) = 0{y) it is clear that {x,y} Xk+2. Since 
XkXi G D we see that Xk+iXk ^ D (otherwise Xk+iXk S D and X1X2 • • .Xk-ixxk+2 • • .Xpyxk+iXkXi is a 

hamiltonian cycle, a contradiction). Note that X1X2 ■ ■ ■ Xk-ixx^+i ■ ■ ■ Xpyxi is a cycle of length 2n — 1 
and the vortex Xk cannot be inserted into this cycle. Then, since Xk+iXk ^ D and d{xk) = 2n — 1, using 
Claim l(ii) we get XkXk+2 G D. From this it follows that {x^Xk} — > {xk+i^Xk+2} and Xk-i — > {x,Xk} 
for the path Xk+\Xk+2 • • • Xpyx\X2 ■ • • Xk-\. Therefore id{x) = n — 1 by Claim 5, which contradicts the 
fact that id{x) = n. This proves (12). q 

From xi {x^y} and (12) it follows that \A{x {xi,Xi^i})\ < 1 for each i G [l,p — 2]. Therefore, 
since od{y) = od{x) = n — 1 and 0{x) = 0{y), it is not difficult to see that 

{x,y} {a;i,a;3,...,a;p_i} {x,y}, (13) 

Mix, y}, {X2, X4,..., Xp-2}) = 0. (14) 
Together with Claim 2 this implies that 

A{{x2,X4,...,Xp_2}^Xp) = <l). (15) 

It is not difficult to show that 

A{{{x2,X4,...,Xp-2})) = (D. (16) 

Indeed, if (16) is false, then XiXj e D for some distinct vertices Xi,Xj e {x2 2}. It is easy 

to see that if i < j, then C2n = X-1X2 ■ • ■ XiXj . . . XpyXi+i . . . xj^ixxi and if i > j, then xjXi G D hy (11), 
and C2n = X1X2 ■ ■ ■ Xj^iXXi+i . . . XpyXj^i . . . XiXjXi, a contradiction. 

From (14) and (16) it follows that A{{{x,y, X2,X4, ... ,X2n-4})) = 0- By (15), now it is not diffi- 
cult to see that D e H{n, n—1, 1), where a := Xp, A := {x,y, X2,X4, . . ., 0:271-4} and B := {xi,X3, . . . , 
X2n-3}. This contradicts to our supposition that D ^ H{n,n — 1, 1). The proof of Claim 6 is completed. □ 

Similarly to Claim 6, we can show the following claim: 
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Claim 7. \A{{x,y} ^ a;2)| < 1. □ 



Claim 8. There is a vertex Xj, i G [2,p — 1], such that A{x,Xi) = (i.e., if C2„_i, p = 2n — 2, is an 
arbitrary cycle of D and the vertex x ^ C2n-i, then x is not adjacent with at least two vertices). 
Proof. Suppose, on the contrary, that the vertex x is adjacent with each vertex xt, i € [2,p — 1]. Since 
n > 3, d{x) = p+1 and D is not hamiltonian, there is an Z e [2,p— 1] such that 

0{x) = {xi,X2,.-.,xi} and I{x) = {xi,xi+i, . . . ,Xp}. (17) 

Since od{x) and id{x) > n — 1, we see that l = n— loTl = n. Hence Xp-iy ^ D and ya;2 ^ D hy Claims 
6 and 7. Now xiy and ya;j, G £) by Claim l(ii). Therefore, since y cannot be inserted into the path 
X1X2 ■ ■ ■ Xp, there is a vertex Xk, k G [2,p— 1], such that A{y, Xk) = 0- Using Claim l(iii), we get 

Xk-iy, yxk+i e D and d{xk) =p+l. (18) 

Choose k is as large as possible. It follows that y — > {xk+i,Xk+2, ■ ■ ■ , Xp} and k > I — 1. We can assume 
that k > I (if A; = Z — 1, then in digraph we will have the case fc > / + 1). 

Suppose first that k > l + l. If XiXk G D, where z € [1, Z — 1], then by (17) and (18), X1X2 ■ ■ ■ XiXk . ■ - Xp 
xxj^i . . . Xk^iyxi is a hamiltonian cycle, a contradiction. So we may assume that A{{xi, X2, . . . , Xi-i} 
Xk) = 0- Using this together with A{{x, y} — ?• Xk) = 0, Z > n — 1 and id{xk) > n—1, we obtain XpXk G D. 
Therefore X1X2 ■ ■ ■ Xk-iyxk+i ■ ■ ■ XpXkXXi is a hamiltonian cycle, a contradiction. 

Now suppose that k = I. Assume, without loss of generality, that A{xi,y) ^ for each i € [2,Z — 1] 
(otherwise in ^ we will have the considered case fc > Z + 1). Then from xiy G D it follows that 

{xi,X2,...,xi_i} ^y. (19) 

We also can assume that Z = n (if Z = n — 1, then in we will have the case I = n). So, we have k = I = 
n. It is not difficult to see that 

A{xi,Xn) = A({xi,X2, ■ . . ,.Tn-2, .'£>} ^ Xn) = A{Xn {Xn+2,Xn+3, ■ ■ . , Xp-l}) = 0. (20) 

Indeed, if it is not true, then by (17) and (19) wc have 

if XiXn € D and is [1, n — 2], then C2n — xiX2 ■ ■ ■ XiXn ■ ■ ■ XpXXi+i . . . Xn-iyxi; 

if XnXi e D and i G [n + 2,p — 1], then C2n = xiX2 ■ ■ ■ XnXiXi+i . . . Xpyxn+i ■ ■ ■ Xi-ixxi; 

if XpXn S D, then C2 n — X\X2 • . • Xji—^yXji-i^x . . . XpXjiXX\\ 

if XnXi e D, then C2n = X1X2 ■ ■ ■ Xn-iyXn+i ■ ■ ■ XpXXnXi. In each case we have a hamiltonian cycle, 
a contradiction, and (20) holds. 

Therefore from d{xn) = 2n — l and (20), since a;„ cannot be inserted into the paths X1X2 ■ ■ ■ Xn-i and 
Xn+iXn+2 ■ ■ ■ Xp, it foUows that (by Lemma 2) 

{Xn+l,Xn+2, ■ ■ ■ ,Xp^l} Xn ^ {x2,X3, . . . , .X„_i}. (21) 

IfxiXi e D for some « G [2,p-l]\{n}, then by (17), (18), (19) and (21) we have if i e [2,n-l], then C2„ = 
X1X2 ■ ■ ■ Xi-iyXn+i ■ ■ ■ XpXXi+i . . . XnXiXi and if i G [n+ l,p — 1], then C2n = X1X2 ■ ■ ■ Xn-iyxi+i . . . XpXXn 
contradiction. So, we may assume that 

A({x2,X3,...,a;p_i}^a;i) = 0. (22) 

Hence, by Lemma 4(ii), 2n — 4 < n, i.e. n < 4. Let n — 4. Then by (22,) id{xi) < 3. On the 
other hand, from A(xi — >■ {x,X3,X4,X5}) = it follows (if X1X5 G D, then X4^X2 G D hy (21), and 
Cg = xix^X(,xXiXiX2yxi) that od{xi) < 3. So d{xi) < 6, a contradiction. Let now n = 3. Prom (21) we 
see that x^X2 G D. Hence it is easy to see that x^xs ^ D hy (20), X4X2 ^ D and 

A{xi -)■ {x, X3, x^}) = A{{x2, X3} -)■ xi) = 0. 
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Therefore X4X1 € D. Now, it is not difficult to check that D is isomorphic to one of the digraphs Dq, Z)g, 
a contradiction. This completes the proof of Claim 8. q 

Similarly to Claim 8, we can show the following claim: 

Claim 9. There is a vertex Xi, i G [2,p — 1], such that A{y, Xi) = 0. q 

Claim 10. Xp-iy ^ D. 

Proof of claim 10. Suppose, on the contrary, that Xp-iy e D. By Claim 6 we have Xp-ix ^ D. 
Therefore xxp £ D hy Claim l(ii) . By Claim 8 there is a vertex xi, / G [2,p — 1], such that A{x, xi) = 0. 
Using Claim l(iii), we obtain 

xi-\x, xxi+i G D and d{xi) = 2n — 1 = p + 1. (23) 

For the vertex xi we first will prove the following statements (a)-(i). 

(a) . XpXi ^ D. 

Proof. Indeed, if (a) is not true, then XpXi e D and C2n = X1X2 ■ ■ .xi-\xXpXi . . .Xp-\yxi by (23), a 
contradiction, q 

(b) . If / < p - 2, then A{xu Xp) = 0. 

Proof. Prom I <p — 2\t follows that xi G 0~{x). Hence xiXp ^ D hy Claim 2. Therefore by statement 
(a), A{xi,Xp) = 0. □ 

(c) . If I < p — 2, then Xp-iXi and xiy G D. 

Proof. Note that A{xi,Xp) = by statement (b), and the cycle X1X2 ■ ■ ■ xi-ixxi+i . . . Xpyxi has length 
2n — 1. Therefore Xp-ixi and xiy £ D hy Claim l(iii). □ 

(d) . If / < p - 2, then A{y {xi,xi+i, . . .,Xp}) 7^ 0. 

Proof. Suppose, on the contrary, that A{y — > {xi,xi+i, . . . ,Xp}) = 0. It follows that 0~{y) C 
{xi,X2, ■ ■ ■ , xi-2}- If Xi G 0~{y) and XiXi G D, then C2n — X1X2 ■ ■ ■ XiXi . . . Xpyxi+i . . . xi-ixxi is a 
hamiltonian cycle in D, a contradiction. So we can assume that A{0~{y) xi) = 0. Together with 
A{{x, y} xi) =<ll and |0~(t/)| > n — 2 this implies that XpXi G D. But this contradicts (a), and hence 

(d) is proved, q 

(e) . If I < p — 2, then XpXi+i ^ D and xi-iXp ^ D. 

Proof. Recall that G D, and Xp-ixi, xiy € D by (c). Then by (23) we have, if XpXi+i G D, 

then C2n = X1X2 ■ ■ ■ xi-ixXpXi+i . . . Xp-iXiyxi and if xi-iXp G D, then C2n = X1X2 ■ ■ ■ xi-iXpXXi+i . . . 
Xp-iXi yx\. Therefore D is hamiltonian, a contradiction, q 

(f) . lil <p — 2 and xxi+2 G D, then xiXi+2 ^ D and xi+ixi G D. 

Proof. Indeed, if xixi+2 G D, then for the path xi+\Xij^2 ■ ■ ■Xpyx\X2 ■ ■ -xi-i we have {x,xi} — > 
{x;+i,a;/+2} and xi-i — > {x,xi}, which contradicts Claim 7. So xixi+2 ^ D. Now from Claim l(ii) 
it follows that xi+\Xi G D. □ 

(g) . If Z > 3 and X1-2X G D, then X1-2X1 ^ D and xixi-i G D. 

Proof. Indeed, if X1-2X1 G D, then for the path xi+iXi+2 ■ ■ -Xpyxi . . .X1-2X1-1 we have {xi-2,xi-i} 
— > {x,xi} and {x,xi} — > xi+i, which contradicts Claim 6. So X1-2X1 ^ D. Prom this and Claim l(ii) it 



12 



follows that xixi-i e D. Statement (g) is proved, q 

(h) . If / < p — 2, then XiXp € if and only if a;, ^ {xi-i} U 0~{x); and XpXi S D if and only if 
Xi i {a;,+i}U/+(a;). 

Proof. By Claims 2, 3 and statement (e) we have 

A{0-{x) U {xi-i,y} Xp) = A{xp {xi+i} U I+{x)) = 0. (24) 

From ^ D and xxp G D, we get that 

|/+(a;)| =irf(a;) - 1 and {O' ix)\ = od{x) - 2. 

Therefore id{xp) < 2n — 1 — od{x) and od{xp) < 2n — 1 — i(i(a;) by (24). Hence id{xp) = 2n — 1 — od{x) 
and od{xp) — 2n — 1 — id{x) (otherwise d{x) + d{xp) < 4n — 2, which is a contradiction). Now from this 
it is not difficult to see that statement (h) is true, q 

Recall that the proof of statement (h) implies the following statement: 

(i) . The vertex x is not adjacent with at most one vertex of the path xiX2 ■ ■ ■Xp-2, in particular, the 
vertex x is not adjacent with at most 3 vertices (i.e., if C2n-i is an arbitrary cycle of D and the vertex 
X ^ C2„_i, then x is not adjacent with at most tree vertices), q 

By Claim 8 there is a vertex Xk, k G [2,p — 1], such that A{x,Xk) = 0- Without loss of generality, 
assume that k is as large as possible. Prom the maximality of k and Claim l(iii) it is easy to see that 

Xk-ix € D, d{xk) = p+ 1, X -> {xk+i,Xk+2-, ■ ■ -^Xp}, A{{xk+i,Xk+2-, ■ ■ ■■,Xp-i} ->• x) = 0. (25) 

We now consider two cases. 
Case 1. k<p-2. 

Then by statement (c) we have 

Xp-iXk € D and Xky € D. (26) 
From statement (i) and (25) it follows that if i e [l.p] and i^k, then 

A{x,Xi)^%. (27) 

It is easy to sec that n > 4. Indeed, if n = 3, then k = 2 and by (26) the vertex y is not adjacent only 
with one vertex of the cycle xiX2 ■ ■ ■ XpXXi, which contradicts Claim 9. 

Suppose first that k < p — 3. Then Xi ^ I~^{x), and Xk+2 ^ by (25). Together with statement 

(h) this implies that 

Xp ^ {xi,Xk+2}- (28) 

If Xk+iy € D, then using (25), (26) and (28), we obtain C2n = XiX2 ■ ■ .Xk-iXXpXk+2 ■ ■ ■ Xp-iXkXk+iy 
xi, a contradiction. So, we may assume that Xk+iy ^ D. Since Xky & Dhy (26), we see that A(i/, x^+i) — 
0. Therefore yxk+2 S D by Claim l(iii). Recall that Xk+iXk & D hy statement (f), and hence by (25) 
and (28) we have a hamiltonian cycle X1X2 ■ ■ . Xk-iXXk+iXkyxk+2 ■ ■ - XpXi, a contradiction. 

Suppose next that k = p — 2. Then by Xp-iy € D and statements (d), (c), yXp-2 £ D. If xx2 € D, 
then xix ^ D, X2 ^ and XpX2 € D by statement (h). Since XX2 € D, by Claim 7 we have yx2 ^ D. 

Therefore xiy £ D hy Claim l(ii), and we get a hamiltonian cycle xiyXp-2Xp-\XpX2 ■ ■ - Xp-^xxi, a 
contradiction. So we may assume that XX2 ^ D. From this and (27) it follows that 
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{a;i,a;2,...,a;p_3} ^ a; and A{x ^ {x2,X3, . . . ,Xp_3}) = <l). 

Therefore n = 4 (i.e., p = 6). Then X4X3 € D hy statement (g). We can assume that yx2 ^ D 
(otherwise yx2 G D and for 1? we wiU have the considered case k < p ~ 3). From Claim l(ii) and 
od(y) > 3 it is easy to see that xiy, yxs € D and A{y,X2) — 0- Since xi ^ I~^ix), we have xqXi 6 D 
and xqX2 ^ D by statement (h). Then X5X2 ^ D (otherwise X5X2 € D and C2n = xiyx4X5X2X3XXeXi). 
Now we have ^({a;, y, X5,xe} X2) = 0. Hence X4X2 € D and C2n = xiyxsXiX2XX^XQX\, a contradiction. 

Case 2. k = p — 1. 

Suppose first that yxp-i ^ D. Then it is not difficult to see that A{0^ {y) — > Xp-i) = (otherwise 
if ajj G 0~{y) and XiXp-i G Z), then C2„ = a;ia;2 . . . a;ja;p_ia;pj/a;j+i . . . a;p_2a;a;i). This together with 
|0~(y)| = od{y) — 1 and A{{x,y,Xp} — >■ a;p_i) = implies that id{xp-i) < n — 2, a contradiction. 

Suppose next that yxp^i G D. We assume that n > 5 (It is tedious, but not difficult to prove the 
theorem in this case for n = 3 and 4. We leave its proof to the reader). 

Subcase 2.1. a;a;2 G D. 

Then a::ia:: ^ D. Using Claims 7 and l(ii), we obtain yx2 ^ D and xiy G D. We may assume that 
A{x2, y) = (otherwise for the vertex y in digraph ^ we have the considered Case 1 (fc < p — 2)). Then 
by Claim l(iii), yx^ G D. Similarly to yxp-i G D, we also may assume that X2X G D. From n > 5 it 
follows that A{x,Xs) = for some s G [3,p — 3] (otherwise 0{x) = {xi,X2,Xp}, i.e., od{x) < 3, a contra- 
diction). Since X2 ^ {ajg+i} U I~^{x), using statement (h), we see that XpX2 G D and xiyx^ . . .XpX2XX\ 
is a hamiltonian cycle, a contradiction. 

Subcase 2.2. xx2 ^ D. 

Then xxx G I? by Claim l(ii). By statement (i), the vertex x is not adjacent with at most one vertex 
of {a;i,X2, . . . ,a;p_3}. Prom this and n > 5 it follows that A{x,Xs) = exactly for one s G [2,p — 4] 
(otherwise A{x,Xi) ^ for each i G [2,p — 4] and by a;a;2 G D, A{x — >■ {0:2, 0:3, . . . , a;p_3}) = 0, i.e. 
0{x) C {xi, a:p_2, Xp} and od{x) < 3, which contradicts that n > 5). 

Let s = 2 (i.e., A{x,X2) = 0). Note that G -D by Claim l(iii). From statement (c) it follows 

that a;p_ia;2 and X2y G D. Since xi ^ I'^{x), by statement (h) we have XpXi G £>. If yx2 ^ -D, then 
xiy G D by Claim l(ii), and xiyXp-iX2 ■ ■ ■ Xp-2XXpX\ is a hamiltonian cycle, a contradiction. So we may 
assume that yx2 G D. Also wo may assume that id{x) = n (for otherwise we will consider the digraph t)). 
Then, since n > 4, we see that {xp-z,Xp^2} — > x and by (g), Xp-iXp-2 G D. Then .Tp_3 ^ 0^(.t) U {xi} 
and by (h) [l = 2) we see that Xp-^Xp G D. Thus a;ia;2 . . . Xp-^XpyXp-\Xp-2XXi is a hamiltonian cycle, 
a contradiction. 

Let now s G [3,p — 4]. Then from x\x & D it follows that {a;2,a;3, . . . ,Xs--l} — > x. Together with 
statement (i) this implies that 

{Xs-2,Xs-l} X -> {.T <,.+!,. X- ,,+2}- 

By statements (f) and (g) we have Xg+rXs, XsXg-i G D, XsXs+2 ^ D and Xs-2Xs ^ D. 
It is not difficult to show that 

Xs+2)) = 0- (29) 

Indeed, if XsXs-2 G D, then, since {xs-2, x^-i} x, for the path Xs+iXs+2 ■ ■ ■ XpyxiX2 ■ ■ ■ Xg-i and 
for the vertex Xg we will have the considered Case 1, and if Xs+2Xs G D, then in digraph ^ for the 
path Xs-iXs~2 ■ ■ ■ xiyxpXp^i . . . Xs+2Xs+i and for the vertex Xg again we will have the considered Case 1 
{k<p-2) and (29) holds. 
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Recall that A{xs,Xp) = by statement (b). Together with (29) and A{xs,x) = this implies that 



i.e., the vertex Xs is not adjacent with at least 4 vertices of cycle X1X2 ■ ■ ■ Xs-iXXg+i ■ ■ ■ Xpyxi, this is 



Similarly to Claim 10 {Xp-\y ^ D), we can show the following claim: 

Claim 11. Xp-ix ^ (G), XX2 ^ D and yx2 ^ D. ^ 

Now let us complete the proof of Theorem 2. Without loss of generality, we may assume that 
od{x) = n. It follows that x — >• {xi,Xi+i} for some i S — 1]. Using Claims 10, 11 and l(ii) we 
see that i > 3 and xi {x,y}. Therefore A{x,xi) = 0, x — > {xi+i,xi+2} and xi-ix G D for some 
I G [2,i — 1]. So, for the path xi+iXi+2 ■ ■ - Xpyxi . . .Xi-i we have A{x,xi) = 0, a; — ?• {xi+i,xi+2} and 
xi-ixi, xixi+i, xi-ix e D. This is a contradiction to Claim 11 {xx2 ^ D) that xxi+2 ^ D. The proof of 
Theorem 2 is completed, q 

4. Cycles of length 3 and 4 in digraph D. 

The next two results will be used in the proof of Theorem 3. 

Theorem A (R. Haggkvist, R. J. Faudree, R.H. Scliclp [20]). Let G be an undirected graph on 2ri + l > 7 
vertices with minimum degree at least n. Then precisely one of the following hold: (i) G is pancyclic; 
(ii) G={KnU Kn) + ifi; or (iii) i4:„,„+i C G C if„ + Kn+i-n 

Theorem B (C. Tomassen [30]). Let Dhea strongly connected digraph on p > 3 vertices. If for each pair 
X, y of nonadjacent distinct vertices d{x) + d{y) > 2p, then D is pancyclic or p is even and D = K*^2 p/2 

Now we difine the digraphs Gg(l), iJg and Hg as folUows: 

(i) V{Cq{1)) = {xi,X2, ■ ■ ■,X6} and A{Cq(1)) = {xiXi+i,Xi+iXi/i G [1, 5]} U {xixe, xexi, xixa, xixs, 
X2X4,xeX4}; 

(ii) V{Hg) = V{Hq) = {x,y,z,u,v, w}, A{Hq) = {ux,xu,xv,vx,yz,zy,zw,wz,xw,xy,uz,vz,wu, 
wv, yu, yv} and A{Hq ) = {ux, xu, xw, xy, vx, vz, vw, wv, wu, zw, zy, yz, uz, yu, yv}. 

Theorem 3. Let Dhea, digraph on p > 5 vertices with minimum degree at least p—1 and with minimum 
semi-degree at least pjl — 1. Then the following hold: 

(i) D contains a cycle of length 3 or p = 2n and D C X * „ or else D G {G|, iiT* 

(ii) D contains a cycle of length 4 or £» G {Q , ^^e. ^6 . Q (1). ^(3, 3), \{K2 U K2) + i^i]*} . 
Proof. Using Theorems A and B, we see that Theorem 3 is true if Z? is a symmetric digraph. Suppose 
that D is not symmetric digraph. If D contains no cycle of length 3, then it is not difficult to show that 
p = 2n and D C K* ^ (we leave the details to the reader). 

Assume that D contains no cycle of length 4. For each arc xy £ D put 



■s-2,Xs+2} = 0, 



contrary to statement (i). The proof of Claim 10 is completed, q 



S{x,y):=Iix)nO{y) and Eix,y) := V{D)\{Oiy) U I{x) U {x,y}). 



Since D has no cycle of length 4, we see that 



A{0{y) \ {x} ^ I{x) \ {y}) = 0. 



(30) 
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Let us consider the following cases. 

Case 1. There is an arc xy € D such that yx ^ D and od{y) > n or id{x) > n, where n := |_p/2j. 

Without loss of generality, we can assume that od{y) > n (if id{x) > n, then we will consider the 
digraph ^). Then from (30) and Lemma 4(ii) it follows that 

I{x)CO{y), I{x)=S{x,y) and A{{S{x,y))) = $. (31) 

We now shall prove that 

/(x)=0(y). (32) 

Proof of (32). Assume that (32) is not true. Then 0{y) \ I{x) ^ by (31), and let z e 0{y) \ I{x). By 
(30), A{z -J> {x} U I{x)) = 0. From this and Lemma 4(ii) it follows that |{a;} U I{x)\ = p/2, p = 2n>6, 
id{x) = n — 1 and 

z^V{D)\{{x,z}Ul{x)), (33) 

in particular, zy G D, od{z) = n — 1 and id{z) > n. If xz G D, then C4 = xzyux, where u G S{x,y), 
contradicting the our assumption. Therefore xz ^ D. Prom id{x) = n — 1, id{z) > n and Lemma 4(ii) 
it follows that uz G D for some vertex u G I{x). Now it is not difficult to see that 0{y) \ I{x) = {z}, 

E{x, y) ^ and A{E{x, y) ^ y) = 0. 

Suppose first that for each vertex v S I{x) there is a vertex v\ € E{x, y) such that viv G D. Hence 
A{I{x) -). y) = by (33) and C4 t D. Therefore A{I{x)\JE{x,y) -)• y) = 0, \E{x,y)\ = 1 and n = 3. Let 
E{x,y) := {w} and I{x) := {u,v}. Note that w — > {u,v}. Now it is not difficult to see that if wz G D, 

then D = Hq and if wz ^ D, then D = . 

Suppose next that A{E(x,y) — > w) = for some v G I{x). Then \E{x,y)\ = 1 by (31) and n = 3, 
XV € D, vy ^ D and v — )■ {z,w}, where w G E{x,y). Now it is easy to see that 0{w) = {z}. Therefore 
od{w) < 1, a contradiction. This proves (32), i.e., I{x) = 0{y) = S{x,y). 

Subcase 1.1. A{x S{x,y)) =^ 0. 

Let xu G A{x S{x,y)). If uy G D, then C4 = xuyuix, where ui G S{x.y) \ {«,}, a contradiction. 
So we may assume that uy ^ D. From od{y) > n, (32) and (31) we get that u — ^ E{x, y) and od{y) = n. 
It is not difficult to see that A{E{x, y) {S{x, y) \ {u})) = (otherwise C4 C D). Then E{x, y) := {w}, 
wu, wy G D since wx ^ D, and xv G D, where v G S{x, y) \ {u}. Then vy G D or vw G D. In both case 
we obtain a cycle of length 4, which is a contradiction. 

Subcase 1.2. A{x S{x,y)) = 0. 

We can assume that A{S{x, y) ^ y) = ^ (otherwise in ^ we will have Subcase 1.1). Prom od{y) > n, 
by (32) and Lemma 4(ii) we have E{x,y) ^ and x E{x,y) — >■ y. Therefore C4 = xzyux, where 
z G E{x, y) and u G S{x, y), which is a contradiction and completes the discussion of Case 1. 

Ccise 2. For each arc xy G D \{ yx ^ D, then od{y) < n and id{x) < n. 

From conditions of theorem it follows easily that od{y) = id{x) = n—1 and p = 2n > 6. If S{x, y) = 0, 
then using (30) and Lemma 4 (ii) it is easy to see that C4 C D or D E -ff (3, 3). Assume that S{x,y) ^ 0. 
Since id{y) and od{x) > n, we can assume that 0{y) — > y and x — > I{x) (otherwise for some arc ux or yv 
we have the considered Case 1). Hence it is easy to see that \S{x,y)\ — 1, I{x) ^ 0{y) and \E{x,y)\ = 1. 
Let E{x,y) := {w} and S{x,y) := {z}. From (30) it follows that 0{y) \{z} w ^ I{x) \ {z}. Prom 
this, we obtain A{z, w) = since C4 <^ D. Now it is not difficult to see that for some v G I{x) — {z} (or 
u G 0{y) — {z}) vz G D (or zu G D). Without loss of generality we may assume that z'li G D. From this 
we have A{I{x) \ {z} — >■ z) = 0, wy ^ D and n = 3. Hence wu,vw,xw,vu G D and D = Cg(l). This 
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completes the proof of Theorem 3. q 

In [13], we proved the following: 

Theorem. Let £> be a digraph on p > 10 vertices with minimum degree at least p — 1 and with minimum 
semi-degree at least p/2 — 1 (n := [p/2j). Then D is pancyclic unless 

p = 2n + 1 and K^^n+i C £> C + 7?„+i)* or p = 2n and G C K*^^^ 

or else 

D e H{n, n) U H{n, n - 1, 1) U {[{K^ U K^) + K^]* ,H{2n),H'{2n)}. 
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